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Abstract
We show that the four high-energy Littlest Seesaw parameters in the flavour basis,
namely two real Yukawa couplings plus the two right-handed neutrino masses, can
be determined by an excellent fit to the seven currently constrained observables
of low-energy neutrino data and leptogenesis. Taking into account renormalisation
group corrections, we estimate χ2 ' 1.5 − 2.6 for the three d.o.f., depending on
the high-energy scale and the type of non-supersymmetric Littlest Seesaw model.
We extract allowed ranges of neutrino parameters from our fit data, including the
approximate mu-tau symmetric predictions θ23 = 45
o ± 1o and δ = −90o ± 5o,
which, together with a normal mass ordering with m1 = 0, will enable Littlest
Seesaw models to be tested in future neutrino experiments.
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1 Introduction
Neutrino oscillation experiments have provided the first solid evidence for new physics
beyond the Standard Model (BSM) in the form of neutrino mass and mixing [1]. How-
ever, the theoretical origin of neutrino mass generation and lepton flavour mixing remains
unknown [2, 3]. In addition, significant uncertainties remain in the mixing parameters;
for example, the octant of the atmospheric angle is not yet determined, and its precise
value is unknown. While T2K has long preferred a close to maximal atmospheric mixing
angle [4], NOνA originally excluded maximal mixing at 2.6σ CL [5], though the latest
analysis with more data is now consistent with maximal mixing [6–8]. Furthermore, the
CP violating Dirac phase relevant for neutrino oscillations has not been directly mea-
sured. The leading candidate for a theoretical explanation of neutrino mass and mixing
remains the original type I seesaw mechanism [9–14] involving right-handed neutrinos.
Although the type I seesaw mechanism provides a very attractive mechanism for under-
standing the smallness of neutrino masses, it generally involves a large number of free
parameters and is therefore unpredictive. In the flavour basis, where the charged lepton
mass matrix and the right-handed neutrino mass matrix are both diagonal, there are
typically a larger number of undetermined Yukawa couplings and phases than low energy
observables, with the precise number depending on the number of right-handed neutri-
nos [14]. This means that it is not possible to uniquely determine the high-energy seesaw
parameters from low-energy neutrino data for the general type I seesaw model, making
the seesaw model unpredictive. If the right-handed neutrino masses are above the TeV
scale, as generally expected by leptogenesis, then it is also difficult to test directly. This
motivates the study of minimal seesaw models involving fewer input parameters. If the
number of input parameters is less than the number of observables, then such seesaw
models become predictive.
One approach to reducing the number of seesaw parameters is to consider a minimal
version involving either one [15] or two right-handed neutrinos (2RHN) [16,17]. The
original 2RHN model - with one texture zero and sequential dominance (SD) of the right-
handed neutrinos - predicted a normal ordering (NO) with the lightest neutrino being
massless, m1 = 0. Subsequently, a 2RHN model was proposed [18] with two texture zeros
in the Dirac neutrino mass matrix, consistent with cosmological leptogenesis [19–27].
However, the 2RHN model with two texture zeros is only compatible with an inverted
ordering (IO) of neutrino masses [20, 21]. Thus, present data favours the 2RHN model
with one texture zero as originally proposed [16,17].
In order to increase predictivity further, a constrained form of the Yukawa matrix with
columns of magnitude proportional to (0, 1, 1) and (1, 1, 1) in the flavour basis - called
constrained sequential dominance (CSD) - was later proposed, which led to tri-
bimaximal mixing [28]. Following the measurement of a non-zero reactor angle, gen-
eralised constrained forms of Yukawa matrix in the flavour basis were proposed - with
columns of magnitude proportional to (0, 1, 1) and (1, n, n− 2) or (1, n− 2, n), where n is
an integer - called CSD(n), again leading to other highly predictive schemes [29–42]. The
most successful of these was CSD(3), with Yukawa columns in the flavour basis propor-
1
tional to (0, 1, 1) and (1, 3, 1) or (1, 1, 3), and with real constants of proportionality a and
b, respectively, together with a fixed relative phase between these columns of ∓pi/3 [30].
The successful CSD(3) scheme [30] was later renamed as the Littlest Seesaw (LS)
model [31], to emphasise its status as the most minimal seesaw model which can explain
current data with the smallest number of parameters, namely two right-handed neutrino
masses plus the real coefficients a, b of the two column vectors comprising the Yukawa
matrix, in the flavour basis. It was later shown that the LS model could be obtained from
an S4 family symmetry together with other discrete ZN symmetries [32, 33]. Recently
it has been shown that the LS model has an approximate accidental mu-tau reflection
symmetry, which accounts for its approximate predictions of maximal atmospheric mixing
and maximal CP violation [34]. The prospects of testing such LS predictions at future
experiments has also been studied [35] in the absence of renormalisation group corrections.
Renormalisation group (RG) corrections to the LS model have been considered in [43],
including a comprehensive χ2 analysis of the low energy masses and mixing angles, in the
presence of RG corrections, for various right-handed neutrino masses and mass orderings,
both with and without supersymmetry [44]. In particular, it was shown that the heavier
RHN mass strongly affects the RG corrections. However, leptogenesis was not included
in either of these analyses. Since leptogenesis is mainly controlled by the lighter RHN in
the LS model [36], we are motivated in this paper to include leptogenesis in the global fit,
in order to fix both RHN masses. This enables both the high-energy RHN masses and the
Yukawa coupling constants a, b to be fixed by low-energy neutrino data and leptogenesis
for the first time in any seesaw model.
In this paper we show that the four high-energy LS parameters in the flavour basis -
two real Yukawa couplings a, b plus the two right-handed neutrino masses - can be
determined by an excellent fit to the seven currently constrained observables of low-energy
neutrino data and leptogenesis. Although there are in effect ten observables (the baryon
asymmetry of the Universe, three low energy neutrino masses, three physical lepton
mixing angles, one Dirac CP phase plus two Majorana CP phases), the lightest physical
neutrino mass is predicted to be zero, while the two Majorana phases are unconstrained
(one vanishes), leaving seven observables currently constrained by data. Thus, there
are three degrees of freedom (d.o.f.) in the fit, corresponding to the difference between the
seven observables and the four input parameters. Taking into account RG corrections, we
estimate χ2 ' 1.5 − 2.6 for the three d.o.f., depending on the high-energy scale and the
type of non-supersymmetric LS model. We extract allowed ranges of neutrino parameters
from our fit data, including the approximate mu-tau symmetric predictions θ23 = 45
o±1o
and δ = −90o±5o, which, together with a normal mass ordering with m1 = 0, will enable
LS models to be tested in future neutrino experiments. For instance, initial results from
NOνA excluded maximal atmospheric mixing and hence were in tension with the model,
and future updates from this experiment may provide an early test of the LS.
The layout of the remainder of the paper is as follows. In Section 2 we discuss the LS
model. In Section 3 we describe the RG running. In Section 4 we discuss leptogenesis.
In Section 5 we review our methodology. In Section 6 we present our results. Section 7
concludes the paper.
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2 The Littlest Seesaw Model
The seesaw mechanism [9–13] extends the standard model (SM) with a number of
right-handed neutrino singlets NiR as,
−Lm = LLλlHER + LLλνH˜NR +
1
2
N cRMRNR + h.c. , (1)
where LL and H˜ ≡ iσ2H∗ stand respectively for the left-handed lepton and Higgs dou-
blets, ER and NR are the right-handed charged-lepton and neutrino singlets, λl and λν
are the charged-lepton and Dirac neutrino Yukawa coupling matrices, and MR is the
Majorana mass matrix of right-handed neutrino singlets. Physical light effective Ma-
jorana neutrino masses are generated via the seesaw mechanism, resulting in the light
left-handed Majorana neutrino mass matrix
mν = −v2λνM−1R λTν . (2)
The 2RHN model extends the SM by two heavy right-handed neutrino singlets with
masses Matm and Msol. In addition, we consider some family symmetry broken by triplet
flavons φi, whose vacuum alignment will control the structure of the Yukawa couplings.
The relevant operators responsible for the Yukawa structure in the neutrino sector are
1
Λ
H˜(L · φatm)Natm + 1
Λ
H˜(L · φsol)Nsol, (3)
where L combines the SU(2) lepton doublets, such that it transforms as a triplet under
the family symmetry, while Natm, Nsol are the right-handed neutrinos NR and H is the
electroweak scale up-type Higgs SU(2) doublet, the latter two being family symmetry sin-
glets but distinguished by some additional quantum numbers. The right-handed neutrino
Majorana superpotential is typically chosen to give a diagonal mass matrix,
MR = diag(Matm,Msol) (4)
The idea is that CSD(n) emerges from flavon vacuum alignments in the effective op-
erators, involving flavon fields φatm, φsol which are triplets under the flavour symmetry
and acquire vacuum expectation values that break the family symmetry. The subscripts
are chosen by noting that φatm correlates with the atmospheric neutrino mass m3, and
φsol with the solar neutrino mass m2. CSD(n) corresponds to the choice of vacuum
alignments,
〈φatm〉 = vatm
01
1
 , 〈φsol〉 = vsol
 1n
(n− 2)
 or 〈φsol〉 = vsol
 1(n− 2)
n
 (5)
where n is a positive integer, and the only phases allowed are in the overall proportionality
constants. Such vacuum alignments are discussed for example in [32].
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In the flavour basis, where the charged leptons and right-handed neutrinos are diago-
nal, the Cases A, B are defined by the mass hierarchy Matm  Msol, hence M̂R =
Diag{Matm,Msol}, and the structure of the respective Yukawa coupling matrix:
Case A : λAν =
0 beiη/2a nbeiη/2
a (n− 2)beiη/2
 or Case B : λBν =
0 beiη/2a (n− 2)beiη/2
a nbeiη/2
 (6)
with a, b, η being three real parameters and n an integer. These scenarios were analysed
in [43, 44] with heavy neutrino masses of Matm = M1 = 10
12 GeV and Msol = M2 =
1015 GeV.
Considering an alternative mass ordering of the two heavy Majorana neutrinos – Matm 
Msol, and consequently M̂R = Diag{Msol,Matm} – we have to exchange the two columns
of λν in Eq. (6), namely,
Case C : λCν =
 beiη/2 0nbeiη/2 a
(n− 2)beiη/2 a
 or Case D : λDν =
 beiη/2 0(n− 2)beiη/2 a
nbeiη/2 a
 , (7)
which we refer to as Cases C, D. For Matm = M2 = 10
15 GeV and Msol = M1 =
1012 GeV, both these cases were studied in [43,44].
Below the right-handed neutrino mass scales, we can apply the seesaw formula in Eq. (2),
for Cases A, B, C, D using the Yukawa coupling matrices λA,Bν in Eq. (6) with M
A,B
R =
diag(Matm,Msol) and λ
C,D
ν in Eq. (7) with M
C,D
R = diag(Msol,Matm), to give (after rephas-
ing) the light neutrino mass matrices in terms of the real parameters ma = a
2v2/Matm,
mb = b
2v2/Msol with v = 174 GeV:
mA,Cν = ma
0 0 00 1 1
0 1 1
+mbeiη
 1 n (n− 2)n n2 n(n− 2)
(n− 2) n(n− 2) (n− 2)2
 , (8)
mB,Dν = ma
0 0 00 1 1
0 1 1
+mbeiη
 1 (n− 2) n(n− 2) (n− 2)2 n(n− 2)
n n(n− 2) n2
 . (9)
Note the seesaw degeneracy of Cases A, C and Cases B, D, which yield the same
effective neutrino mass matrices, respectively. Studies which ignore renormalisation group
(RG) running effects do not distinguish between these degenerate cases. Of course, in
our RG study, the degeneracy is resolved and we have to deal separately with the four
physically distinct cases.
The neutrino masses and lepton flavour mixing parameters at the electroweak scale
ΛEW ∼ O(1000 GeV) can be derived by diagonalising the effective neutrino mass matrix
via
UνLmνU
T
νL = diag(m1,m2,m3) . (10)
4
From a neutrino mass matrix as given in Eqs. (8) and (9), one immediately obtains normal
ordering with m1 = 0. Furthermore, these scenarios only provide one physical Majorana
phase σ. As discussed above, we choose to start in a flavour basis, where the right-
handed neutrino mass matrix MR and the charged-lepton mass matrix Ml are diagonal.
Consequently, the PMNS matrix is given by UPMNS = U
†
νL. We use the standard PDG
parametrisation for the mixing angles, and the CP-violating phase δ. Within our LS
scenario, the standard PDG Majorana phase ϕ1 vanishes and −ϕ2/2 = σ.
The low-energy phenomenology of Case A has been studied in detail both numeri-
cally [30, 37] and analytically [31], where it has been found that the best fit to experi-
mental data of neutrino oscillations is obtained for n = 3 for a particular choice of phase
η ≈ 2pi/3, while for Case B the preferred choice is for n = 3 and η ≈ −2pi/3 [30,32]. Due
to the degeneracy of Cases A, C and Cases B, D at tree level, the preferred choice for
n and η carries over, respectively.
The prediction for the baryon number asymmetry in our Universe via leptogenesis within
Case A has been studied [36], where it was shown that Case C for positive BAU
predicts the CP-violating phase to be δ ≈ 90o which is disfavoured by current global fits
to neutrino oscillation data. It is straightforward to show that Case B is disfavoured
for a similar reason. Therefore, taking into account the positive sign of the BAU, and
the present experimentally favoured prediction of δ ≈ −90o, one is left with two cases
of interest, namely Case A with η = 2pi/3 and Case D with η = −2pi/3, respectively,
where n = 3 for both cases.
These successful cases, which define the two cases of the LS model as discussed in the
Introduction, are summarised below:
Case A : λAν =
0 beipi/3a 3beipi/3
a beipi/3
 with MR = diag(Matm,Msol) (11)
Case D : λDν =
 be−ipi/3 0be−ipi/3 a
3be−ipi/3 a
 with MR = diag(Msol,Matm) (12)
where in both cases the columns are ordered so that the lighter right-handed neutrino of
mass M1 is in the first column and the heavier right-handed neutrino of mass M2 is in
the second column, with M1 < M2. In both cases a normal hierarchy is predicted with
m1 = 0 and the physical atmospheric neutrino mass m3 is dominantly controlled by the
combination ma = a
2v2/Matm, while the solar neutrino mass m2 is dominantly controlled
by the combination mb = b
2v2/Msol, which is the reason for the notation of the RHN
masses used above. These two cases of the LS model will form the focus of the numerical
studies in this paper.
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3 Renormalisation Group Running
We suppose that the seesaw theory is defined at some high energy scale such as the
grand unification scale, or GUT scale, which is denoted by ΛGUT , typically around
2.0×1016 GeV. In the flavour basis, the charged lepton Yukawa matrix and the Majorana
mass matrix MR are both diagonal. The theory is susceptible to large corrections from
Renormalisation Group Equations (RGEs); as such, it is necessary to correctly evolve
predictions from the model at ΛGUT to a scale at which experimental data is available
for testing.
In order to achieve this, the relevant RGEs must be known to some finite loop order;
this is only possible in a concrete model such as the Littlest Seesaw, where RGEs follow
the SM with modifications in the lepton sector arising from the right-handed neutrinos.
As a consequence of approximations made in leptogenesis calculations (see Section 4),
we always consider very hierarchical Majorana masses - as such, each RH neutrino must
be integrated out separately as we run our parameters to low scales if we wish to obtain
accurate predictions.
We make use of effective field theories (EFTs) below the scale at which the heaviest
RH neutrino is integrated out, taking care to ensure matching between each EFT at the
appropriate scale: [45]
MZ M1 M2  ΛGUT (13)
Here we denote the heaviest RH neutrino mass by M2 and the lightest RH neutrino mass
by M1, and discuss calculation of the mass matrix in the three distinct regions relevant
to our model. For a given renormalisation scale µ:
µ > M2
At this scale, RG effects are due to running of the Yukawa matrix and Majorana mass
matrix only (see Eq. 2).
M1 < µ < M2
In the intermediate EFT (valid between the scales of the two RH neutrinos) the light
neutrino mass matrix will be given by:
m(2)ν = −v2
[
κ(2) + λ(2)ν M
−1
1 (λ
(2)
ν )
T
]
(14)
The superscript (2) in Eq. 14 denotes a matrix that has been altered by integrating out
the heaviest RH neutrino. For instance, the matrix κ(2) ∝ λνM−12 λTν is the correction for
this intermediate EFT, which accounts for the heavier RH neutrino below its mass scale.
6
µ < M1
Below µ = M1, the theory reduces to the SM with a five-dimensional Weinberg operator
modification to the Lagrangian as per Eq. 15 :
Lm(µ < M1) = 1
2
κ(1)
(
LLH˜
)(
H˜TLcL
)
+ h.c. (15)
In this analysis, the one-loop RGEs for the LS are numerically solved from the GUT
scale to MZ using the REAP Mathematica package [45], which ensures correct matching
between effective theories and allows us to calculate the light neutrino masses and PMNS
mixing parameters in each EFT. More complete discussions of RG running in scenarios
such as this are given in [43–45].
4 Leptogenesis
It is a known fact that there is a predominance of matter over antimatter present in
the observable Universe, which is thought to have arisen in the very early evolution of
our local region. The reason behind this is a question that has been subject to much
investigation, but is as yet unanswered. There are various theories that attempt to
explain this observed asymmetry today.
The hypothetical out-of-equilibrium process in the expanding Universe through which the
number of baryons and antibaryons was effectively fixed is known as Big Bang Baryo-
genesis [46,47]. Traditional SM calculations of this thermal freeze-out of baryons predict
equal number densities of baryons and antibaryons in contrast to current observations,
which have measured the Baryon Asymmetry of the Universe (BAU) - normalised
to entropy density - to be: [48]
YB = 0.87± 0.01× 10−10 (16)
In order for matter and antimatter to be produced at different rates, baryon-generating
interactions in the early universe must satisfy the Sakharov conditions [49] - namely,
baryon number violation, charge conjugation (C) and charge-parity (CP) violation, and
departure from thermal equilibrium.
The Standard Model allows for CP violation in the weak interactions of quarks and
leptons, via the irreducible complex phases in the CKM and PMNS matrices, respectively.
This has been studied in the quark sector - specifically, in the neutral kaon and B-meson
systems - but is yet to be definitively observed in the neutrino sector.
Nevertheless, there are tantalising hints - this has led to suggestions that, at an even
earlier and higher-temperature stage of the Universe, CP was violated in the lepton
sector, leading to a lepton-antilepton asymmetry. This is known as Leptogenesis [19].
In this scenario, the lepton asymmetry would then have been communicated to the baryon
sector as the Universe evolved via sphaleron processes in the Standard Model that violate
conservation of both baryon (B) and lepton (L) number, but conserve the difference B-L.
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In addition, the discovery of neutrino oscillations has opened up the possibility of relating
the BAU to neutrino properties, thus providing an elegant and comprehensive explanation
for the matter-antimatter asymmetry observed today. In these models, leptogenesis relies
on extensions of the Standard Model such as different formulations of the seesaw mech-
anism, and the asymmetry is generated by the decays of the heavy Majorana neutrinos
which are the seesaw partners of ordinary neutrinos.
In particular, the simplest version of leptogenesis sees it largely dominated by the inter-
actions and decay of the lightest right-handed neutrino [50]. As such, a condition of
successful baryogenesis yields constraints on the masses of both light and heavy neutri-
nos, and provides a means of fixing the mass of the lightest RH neutrino in the Littlest
Seesaw model.
A positive YB corresponds to a negative lepton asymmetry Y∆α in the following way:
YB = −12
37
∑
α
Y∆α (17)
where α is a flavour index (α = e, µ, τ) and 12/37 is the fraction of B-L asymmetry
converted into baryon asymmetry through sphaleron processes [51]. The lepton asym-
metry can be parametrised as [52]:
Y∆α = ηα1,αY
eq
N1(z  1) (18)
where ηα is an efficiency factor, 1,α is the decay asymmetry of the lightest right-
handed neutrino into lepton flavour α, and Y eqN1(z  1) is the number density of the
same neutrino at T M1 if it was in thermal equilibrium, normalised to entropy density.
It should be noted that given the previous literature [26], this analysis limited the possible
range of masses for the lightest RH neutrino to 109 ≤M1 ≤ 1012 GeV, in order to enforce
the condition of successful leptogenesis in the considered scenario. As such, it is necessary
to work in the two-flavour basis, where the tauon Yukawa interactions are in equilibrium,
and there will only be two eigenstates - for the tauon flavour and linear combination of
muon and electron flavours, respectively.
Thus, Eq. 18 will become:
Y∆α = Y
eq
N1(z  1) [ητ 1,τ + η2 (1,e + 1,µ)] (19)
where η2 is the efficiency factor corresponding to this linear combination of e and µ
flavours, but η2 6= ηe + ηµ.
In the Boltzmann approximation, the number density in the above expression is given
by: [52]
Y eqN1(z  1) ≈
45
pi4g∗
(20)
and g∗ is the number of effective degrees of freedom, which in the Standard Model is
106.75.
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The decay asymmetry into Higgs doublet and left-handed lepton doublet lα is defined
as: [52]
1,α =
ΓN1lα − ΓN1 l¯α∑
α(ΓN1lα + ΓN1 l¯α)
(21)
where ΓN1lα = Γ(N1 → H + lα) and ΓN1 l¯α = Γ(N1 → H∗ + l¯α) are the decay rates into
particles and antiparticles, respectively. The decay asymmetry is 0 at tree level but arises
at 1-loop level, becoming: [53]
1,α =
1
8pi
∑
J=2,3 Im[(λ
†
ν)1α[λ
†
νλν ]1J(λ
T
ν )Jα]
(λ†νλν)11
× gSM
(
M2J
M21
)
(22)
where λν denotes the Yukawa matrix and the loop function g in the SM is given by: [52]
gSM(x) =
√
x
[
1
1− x + 1− (1 + x) ln
1 + x
x
]
(23)
In the case of Eq. 22, x =
M2J
M21
. In addition, for the Littlest Seesaw, J2,3 can be simplified
to J2, as only two RH neutrinos are present in the model. Consequently, the sums will
disappear from the equation. It should be noted the factor J2 will always appear due to
the fact that N2 is in the loop for the decay of N1. [53]
As such, there will be some sensitivity in our analysis to the mass of the heavier RH
neutrino. However, it can be easily proven that the dominant contribution will come
from the lighter neutrino mass: under the assumption of a hierarchical limit M1  M2,
Eq. 23 can be approximated as gSM(x) ≈ − 3
2
√
x
4. Then, for the Case A Yukawa
matrix given in Eq. 6, the individual flavour-dependent asymmetries become at ΛGUT :
A1,e = 0
A1,µ ≈ −
3
16pi
M1
M2
n(n− 1)b2 sin η
A1,τ ≈ −
3
16pi
M1
M2
(n− 1)(n− 2)b2 sin η
(24)
As stated in Section 2, the quantity b2/M2 is proportional to mb - in our analysis,
this is kept to within an order of magnitude for Case A to obtain favourable neutrino
observables at low energies. Thus, the mass of the lighter RH neutrino M1 will have a
larger effect in the above decay asymmetries, and this is therefore the parameter that will
be most sensitive to the BAU.
4 It should be noted that in our analysis we do use the full expression for gSM given in Eq. 23 and also
include the RG running effects on leptogenesis down to M2. The approximations discussed here are
purely for the purposes of illustrating the respective contributions of M1 and M2.
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Analogously, the decay asymmetries in Case D would reduce to the following:
D1,e = 0
D1,µ ≈
3
8pi
M1
M2
(n− 1)(n− 2)
(2n2 − 4n+ 5)a
2 sin η
D1,τ ≈
3
8pi
M1
M2
n(n− 1)
(2n2 − 4n+ 5)a
2 sin η
(25)
In this case, it is the quantity a2/M2 which is kept approximately fixed; hence M1 will
still be the most sensitive parameter with respect to the decay asymmetry.
When there is a vanishing initial abundance (N inN1 = 0) the efficiency factor will be
composed of a negative and positive contribution:, [50, 54]
ηα = η−(Kα, P 01α) + η+(Kα, P
0
1α) (26)
where Kα are decay parameters and P
0
1α are the tree level branching ratios.
As before, when working in the two-flavour basis, the above expression will need to be
treated separately for each of the two eigenstates:
ητ = η−(Kτ , P 01τ ) + η+(Kτ , P
0
1τ )
η2 = η−(K2, P 012) + η+(K2, P
0
12)
(27)
The negative contribution comes from an initial stage where NN1 ≤ N eqN1 and z ≤ zeq.
It is approximated by: [54]
η−(Kα, P 01α) ' −
2
P 01α
e
−
3piKα
8
eP
0
1α
2
NN1 (zeq) − 1
 (28)
where, in the above expression:
• The N1 abundance at zeq is defined as: [54]
NN1(zeq) ' N(Kα) ≡
N(Kα)(
1 +
√
N(Kα)
)2 (29)
and N(Kα) = 3pi
Kα
4
, where Kα is the decay parameter [55]. For the flavour-
dependent case this will become K2, combining the e and µ decay parameters. For
each flavour, the individual decay parameter will be given by:
Kα = (λ
†
ν)1α(λν)α1
v2
m∗SMM1
(30)
where m∗SM ≈ 1.08 ∗ 10−3eV is the equilibrium neutrino mass [50] and v is the SM
Higgs vacuum expectation value (v = 246/
√
2). Thus, K2 will simply be the sum
of the contributions from α = e, µ, such that K2 =
e,µ∑
α
Kα.
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• The tree level branching ratios are given by:
P 01α '
|λα1|2
(λ†λ)11
(31)
and similarly, P 012 in Eq. 27 refers to P
0
12 =
e,µ∑
α
P 01α in our two-flavour basis.
The positive contribution will correspond to the stage when NN1 ≥ N eqN1 and z ≥ zeq.
It can be approximated by: [54]
η+(Kα, P
0
1α) '
2
zB(Kα)Kα
1− e−KαzB(Kα)NN1(zeq)2
 (32)
where the same definitions hold as for the negative contribution and in addition the
freeze-out parameter is given by zB(Kα) ' 2 + 4K0.13α e−
2.5
Kα . [56]
In this way, all of the necessary terms can be determined to calculate a prediction of
the BAU at each parameter point scanned over in the model. The results of this will be
shown in Section 6.
The inclusion of leptogenesis in this analysis immediately invalidates Cases B and C in
the Littlest Seesaw. A general seesaw mechanism in CSD(n) assuming two right-handed
neutrinos will involve a single phase η, which provides the link between the neutrino
oscillation phase δCP and the CP violating phenomenon responsible for generating a
matter-antimatter asymmetry in leptogenesis models [57]. 5
Following the derivation set out in [52], this relation can be seen as YB ∝ ± sin η, where
the positive sign will correspond to the scenario in which Matm  Msol (in our model,
Cases A and B) and the negative to the scenario Msol  Matm (Cases C and D). As
the resulting BAU observed is required to be positive, it is clear that η must therefore be
positive in the first category and negative in the second.
However, as discussed in Section 2, the phenomenology of each of the LS cases has
been studied extensively, and Case B has been shown to prefer a value of η ≈ −2pi/3,
corresponding to the current experimental hint for δCP ∼ −pi/2, while Case C prefers η ≈
2pi/3 for similar reasons. Given the required positive BAU, we see therefore that Cases
B and C are in conflict with current hints for δCP ∼ −pi/2. Thus, when leptogenesis
calculations are included in the analysis, we consider only Cases A and D - given in
Eqs. 11 and 12, respectively - which can be seen from Eqs. 24, 25 to lead to negative
lepton asymmetries and hence a positive final baryon asymmetry.
5 This phase is not to be confused with the efficiency factor η included in the above calculations.
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5 Methodology
As discussed above, we focus exclusively on Cases A and D in Eqs. 11 and 12. Each of
these cases involve just four real free parameters at high energies which will predict the
entire neutrino sector and the BAU from leptogenesis - two Yukawa parameters a and
b and two RH neutrino masses Matm and Msol. In this work, we determine the RH
neutrino masses and Yukawa parameters through a fit to low-scale experimental data,
using the χ2 function as a goodness-of-fit measure:
χ2 =
N∑
i=1
(
Pi(x)− µi
σi
)2
(33)
Low-energy predictions of the model denoted Pi(x) are fully determined by our set of
four parameters, collectively labelled x.
x = (a, b,Matm,Msol) (34)
µi = (sin
2 θ12, sin
2 θ13, sin
2 θ23,∆m
2
12,∆m
2
13, δ, YB) (35)
The LS is tested against the recent global fit values of neutrino data from NuFit3.2 [8]
and the measured value of the BAU from the Planck satellite’s 2015 data [48]. σi in Eq.
33 corresponds to the 1σ bounds for each of the experimentally measured values µi. If
the data follows a Gaussian distribution, these bounds are simply the standard deviations
with respect to the central values.
Observable NuFit3.2(±1σ) Assumed Values(±1σ)
θ12/
◦ 33.62+0.78−0.76 33.62
+0.76
−0.76
θ13/
◦ 8.54+0.15−0.15 8.54
+0.15
−0.15
θ23/
◦ 47.2+1.9−3.6 46.4
+2.8
−2.8
δ/◦ −126+43−31 −120+37−37
∆m212/eV
2 7.40+0.21−0.20 × 10−5 7.40+0.20−0.20 × 10−5
∆m213/eV
2 2.494+0.033−0.031 × 10−3 2.494+0.031−0.031 × 10−3
YB 0.87
+0.01
−0.01 × 10−10 0.87+0.01−0.01 × 10−10
Table 1: Global fit values from NuFit3.2 [8] in the case of normal ordering, along with latest
1σ bounds on YB from Planck satellite [48]. The third column details the assumed values which
we actually use in our analysis, which respect the one sigma asymmetric ranges in NuFit3.2.
We also calculate the reduced χ2 for each parameter point:
χ2ν =
χ2
Nd.o.f.
(36)
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where Nd.o.f. is the number of degrees of freedom - the number of observables minus the
number of parameters in our analysis (≡3 here). A model is said to be a good fit to
data if χ2ν ' 1 and any model that deviates significantly from this is said to be a poor
fit. In Table 1 it can be seen that the distributions for some experimentally measured
observables are asymmetric; hence, to keep the analysis clean and simple, we approximate
the χ2 for each parameter point in the following manner:
To be conservative, we approximate that the observables conform to a symmetric Gaus-
sian distribution, where the central value are those given in the table and we use the
smaller of the quoted uncertainties in our calculations for all constraints except θ23 and
δ. For these two observables, we approximate the distribution as Gaussian with its central
value located in the middle of the quoted 1σ range from Table 1. Thus, the modifications
from the true experimental values stated in the table are as follows: θ23 = 46.35
◦+2.75◦
−2.75◦ ,
δ = 120◦+37
◦
−37◦ .
In this way, the 1σ range is preserved and we do not vastly overestimate the χ2 contri-
butions from these observables relative to the rest. However, it is important to note that
this method will always underestimate the χ2 slightly.
The general method used to test each parameter point is outlined in Figure 1. We scan
over the four input parameters with a predefined step for each one, with ranges initially
informed by previous analysis of the LS [44]. A four-dimensional grid is created, and
at each point of this grid - corresponding to a particular combination of parameters -
the values for each parameter are inserted into the relevant matrices to define a single
parameter point at the GUT scale.
Parameters
Matrices
RG Running:
REAP [45]
Predictions χ2
Overarching Grid Scan
Figure 1: Parameter scan and data flow for a single point. χ2 denotes calculation of the
goodness-of-fit test against experimental data.
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The Yukawa matrices and Majorana mass matrix are run down from the GUT scale to
MZ , using the Mathematica program REAP [45], to integrate out the RH neutrinos and
ensure that the relevant EFTs are correctly matched at appropriate scales (see Section
3). We extract neutrino and leptogenesis predictions, then calculate the χ2 using the
method discussed above. At each stage of our grid scan we reduce the tested bounds of
every input parameter, iteratively scanning more finely in all parameters to find the best
fit point with a stable global minimum χ2.
It is worth noting here that the conventions used by REAP differ from those given here
and in other literature. We have defined our Yukawa matrices in Section 2 in so-called
left-right (LR) convention. This means that the matrix is defined with the SU(2) lepton
doublet on the left-hand side of the term in the Lagrangian. Conversely, REAP takes only
matrices defined in RL convention. Standard PDG parametrisation is used for the mixing
angles with the exception of the CP-violating phase δ. NuFit denotes that δ ∈ [−pi, pi],
whereas REAP uses δREAP ∈ [0, 2pi]. The conversions can be summarised as the following:
(λν)REAP = λ
†
ν , δREAP = δ + pi (37)
6 Results
The results in this section are for Cases A and D in Eqs. 11 and 12. Each of these cases
involve just four real free parameters at high energies which will predict the entire neutrino
sector and the BAU from leptogenesis - two real and positive Yukawa parameters a
and b and two real and positive RH neutrino masses Matm and Msol. Following the
method outlined in Section 5, the main results are summarised in Table 2, where we
outline best fit points for each of the two cases for two different GUT scales.
Case A1 Case D1 Case A2 Case D2
ΛGUT/GeV 1.0× 1016 1.0× 1016 2.0× 1016 2.0× 1016
Matm/GeV 5.10× 1010 1.59× 1012 5.05× 1010 1.36× 1013
Msol/GeV 3.28× 1014 1.08× 1010 5.07× 1013 1.06× 1010
a 0.00817 0.0456 0.00806 0.135
b 0.215 0.00117 0.0830 0.00116
χ2/d.o.f. 1.51/3 2.64/3 1.75/3 2.07/3
Table 2: Benchmark Point Parameters
Case A1 (A2 )refers to the benchmark point obtained from a full fit of Case A with the
GUT scale fixed at 1.0×1016 GeV (2.0×1016 GeV), and analogously for the Case D best
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fit points. From these benchmark points we can conclude that both cases of the LS give
excellent fits to the experimental data, and also that the χ2/d.o.f. for each benchmark
point are too close to degeneracy to say that any one is preferred over the others, only
that they all give a good fit to data.
Here we remind the reader that due to the approximations in our method (especially our
symmetric treatment of the asymmetric errors, of particular relevance for the atmospheric
angle) the χ2 is always somewhat underestimated. However, although the treatment of
asymmetric errors is beyond the scope of our analysis, our method does respect the asym-
metric one sigma ranges of all the observables (see our Assumed Values in Table 1),
and so any uncertainties in our method should be within one sigma accuracy.
6.1 Observables and χ2 Contributions
In order to explore these results in more detail we take the benchmark points from Table
2 and look more closely at the predictions for experimental observables made by each
of them.
Case A1 Case D1 Case A2 Case D2 Experiment [8, 48]
θ12/
◦ 34.20 34.32 34.30 34.33 33.62+0.78−0.76
θ13/
◦ 8.58 8.64 8.59 8.59 8.54+0.15−0.15
θ23/
◦ 45.33 44.24 45.62 44.24 47.2+1.9−3.6
∆m21
2/10−5eV2 7.43 7.33 7.36 7.34 7.40+0.21−0.20
∆m31
2/10−3eV2 2.49 2.48 2.50 2.50 2.494+0.033−0.031
δ/◦ −89.0 −93.2 −87.4 −93.0 −126+43−31
YB/10
−10 0.860 0.860 0.860 0.861 0.87+0.01−0.01
χ2/d.o.f. 1.51/3 2.64/3 1.76/3 2.07/3 -
Table 3: Benchmark Point Observables
The predictions for θ23 and δ are particularly interesting. We see that regardless of the
Case studied, the Littlest Seesaw does indeed yield close to maximal atmospheric mixing.
Likewise, the CP-violating phase is consistently predicted to be in the vicinity of −pi/2.
In order to be concise, we concentrate on Case A2 and Case D2 for the remainder of the
results shown. Figure 2 depicts the contributions to the total χ2 of each observable.
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θ12 θ13 θ23 m2 m3 δ YB0.0
0.2
0.4
0.6
0.8
1.0
χ2
(a) Case A2
θ12 θ13 θ23 m2 m3 δ YB0.0
0.2
0.4
0.6
0.8
1.0
χ2
(b) Case D2
Figure 2: χ2 contribution of each observable for Case A2 and D2 best fit points.
θ12 can be seen to exert a large pull over the data for both cases. This observable is
always fixed close to 33◦ − 34◦, resulting from a sum rule that can be derived from the
model itself:
tan θ12 =
1√
2
√
1− 3 sin2 θ13 (38)
A more complete discussion of analytic predictions of the LS model is given in [31,32].
6.2 RG Effects in Benchmark Points
We take the best fit points from Table 2 and study the RG running in detail, paying
particular attention to the variation of neutrino mass eigenstates and PMNS angles:
Consider Case A2 from Table 2. The RGE running from the GUT scale down to
the electroweak (EW) scale of neutrino predictions arising from this benchmark point
is presented on the left-hand side of Figure 3. It can be seen that RGE effects on the
mass eigenstates become very apparent below the lightest seesaw scale, when the model
reduces to the SM extended by a five-dimensional Weinberg operator (see Section 3).
However, for the PMNS angles it is a very different story. For both θ13 and θ23, RGE
effects are manifest to some degree in the EFT between the two seesaw scales; however,
both above and below these scales there is very little running to be seen.
In short, RGE effects are more significant in mass eigenstates than in mixing angles, but
the scales at which these effects occur are vastly different between the various observables
that we extract from the model. Case D2, shown on the right-hand side of Figure 3,
exhibits much the same behaviour as Case A2; large running in the mass eigenstates
and small but non-negligible running in the mixing angles.
The ratio of masses is also plotted for each case, to better understand the effects of
running in both masses simultaneously. We see identical running for the light masses
below the lowest seesaw scale for both cases, as the ratio of masses is constant below this
scale. It is the running apparent between M2 and M1 that allows us to make a concrete
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prediction for the mass of the heavier RH neutrino, the lighter already being severely
constrained by leptogenesis.
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Figure 3: Running of neutrino observables. Case A2 results are shown on the left which
can be compared with Case D2 on the right. Recalling that m1=0, we have converted 1σ
limits on ∆m212 and ∆m
2
13 into limits on the m2 and m3 mass eigenstates.
Note that the bounds on ∆m221 are not any less precise than those on ∆m
2
31, but the
mass eigenstates are shown on a logarithmic scale. There is a particularly large 1σ range
for θ23. Discussions of future tests of the LS based on potential increases in experimental
sensitivity to this observable are given in Section 6.4.
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6.3 Perturbations around Best Fit Points
It is useful to show the best fit points we obtain with this analysis visually (see Table 2
for their numerical values). In this section, we vary our input parameters around these
benchmark points in both one and two dimensions, and we see that such perturbations
in parameter space yield variations around smooth, stable minima. Figure 4 shows
heat maps representing increases in χ2 as one moves away from the benchmark points, for
variations in a, b or Matm,Msol parameter space, respectively. Note the resulting shape
is never an exact circle, as the analysis is not sensitive to all parameters equally.
Figure 4: Perturbations around Case A2 benchmark point shown on the left, those for Case
D2 on the right. In each case, two parameters are varied at a time while the other two are
kept fixed. Differently coloured circles represent approximate 1, 2 and 3 sigma deviations from
the best fit in each parameter, and the green cross marks the benchmark point.
We now vary each parameter individually around the best fit points given in Cases A2
and D2, whilst keeping the other three parameters fixed - Figure 5 shows such pertur-
bations. On the vertical axes, ∆χ2 is the deviation from minimum χ2; the stationary
point thus shows a vanishing ∆χ2 corresponding to the benchmark point itself.
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Figure 5: Perturbations around Case A2 benchmark point shown on the left, those for
Case D2 on the right. Each parameter is varied separately as the other three are kept fixed.
Dashed gray lines show 1, 2 and 3 sigma deviations from the best fit in each parameter when
varied separately.
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6.4 Future Tests of the Littlest Seesaw
Given the constantly evolving nature of particle physics and the rapid technological ad-
vances being made in neutrino experiments, it is to be expected that the precision of
PMNS parameter measurements will improve considerably in the coming years. With
this in mind, it seems pertinent to discuss the range of values of each observable for
which this analysis method of the Littlest Seesaw model remains a relevant and viable
test of neutrino masses and properties.
Table 4 below shows 1σ, 2σ and 3σ ranges for each of the observables predicted by the
Littlest Seesaw model in our analysis of Case A2.
1σ range 2σ range 3σ range
θ12/
◦ 34.254→ 34.350 34.236→ 34.365 34.217→ 34.383
θ13/
◦ 8.370→ 8.803 8.300→ 8.878 8.218→ 8.959
θ23/
◦ 45.405→ 45.834 45.343→ 45.910 45.269→ 45.996
∆m12
2/10−5eV2 7.030→ 7.673 6.930→ 7.805 6.788→ 7.952
∆m31
2/10−3eV2 2.434→ 2.561 2.407→ 2.587 2.377→ 2.616
δ/◦ −88.284→ −86.568 −88.546→ −86.287 −88.864→ −85.966
YB/10
−10 0.839→ 0.881 0.831→ 0.889 0.822→ 0.898
Table 4: Ranges of observables for Case A2.
The same ranges are shown for Case D2 in Table 5. It is interesting to note that for
Case D, the values of θ23 favoured by the model are slightly lower than in Case A, as
are the predicted values of δ.
1σ range 2σ range 3σ range
θ12/
◦ 34.291→ 34.379 34.278→ 34.391 34.264→ 34.404
θ13/
◦ 8.384→ 8.784 8.329→ 8.838 8.268→ 8.902
θ23/
◦ 44.044→ 44.434 43.991→ 44.484 43.925→ 44.539
∆m12
2/10−5eV2 7.058→ 7.615 6.966→ 7.688 6.875→ 7.787
∆m31
2/10−3eV2 2.435→ 2.562 2.407→ 2.590 2.373→ 2.624
δ/◦ −93.708→ −92.180 −93.919→ −91.964 −94.160→ −91.730
YB/10
−10 0.838→ 0.881 0.827→ 0.893 0.820→ 0.899
Table 5: Case D2 ranges for observables
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In other words, if future neutrino experiments were to precisely measure these values as
well outside these ranges, this would be a way to disqualify this method of testing the
LS and perhaps even guide theoretical models towards a different understanding of the
characteristics of neutrinos.
This statement is of particular relevance when it comes to θ23, as it can be seen that any
experimentally measured departure from close to maximal mixing would come in direct
contradiction with one of the intrinsic features of the model. It is also interesting to note
once again the case of δ - although the experimental uncertainty on this parameter is
at present extremely large, the fits performed in this analysis provided a suggestion for
δ ∼ −90◦, which is consistent with the newest experimental hints.
However, the ranges stated above are purely indicative and should not be taken as abso-
lute. The method used to obtain them incurs limitations, as it was not possible to analyse
the range of each observable separately, due to the way the analysis was set up. The χ2
values used to define the σ ranges studied were made up of contributions from all seven
observables at the same time, which explains why the final valid ranges of observables
are rather narrow (as the effect of, for instance, YB will be more dominant on the total
χ2 than that of one of the mixing angles).
As an additional test of the model, therefore, we hypothesised a possible future experi-
mental sensitivity on θ23, based on the work of [35]. Taking the current measured central
value of θ23 = 47.2
◦ with its expected future 1σ precision of ± 0.66◦ - based on a com-
bined sensitivity analysis of DUNE and T2HK - we perform a new scan to see whether
this measurement would greatly alter the χ2 and thus invalidate the LS. The results for
both Case A and D - denoted by A2’ and D2’ respectively - are shown in Table 6 and
compared to the results obtained previously.
Case A2 Case A2’ Case D2 Case D2’
χ2/d.o.f. 1.749/3 7.49/3 2.070/3 21.80/3
Table 6: Best Fit Point χ2 for a hypothetical future θ23 measurement. Corresponding best
fit parameters shown in Table 2.
It can be seen that the χ2 of Case D2 suffers a very large increase for this new hypothet-
ical experimental value of θ23, which would seem to rule out this case as a viable test of
the model. However, Case A2 would only see its χ2 pushed to a value of 2.49 per d.o.f.,
which could possibly be improved with additional testing. We can therefore conclude
that if this observable were indeed measured very precisely to be its current value, the
LS could potentially continue to be a valid model, in spite of a departure from close to
maximal mixing.
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7 Conclusions
The Littlest Seesaw (LS) model remains the most minimal seesaw model which can ex-
plain current data with the smallest number of parameters. It involves two right-handed
neutrino masses plus two real coefficients a, b of the column vectors proportional to (0, 1, 1)
and (1, 3, 1) or (1, 1, 3), comprising the Yukawa matrix in the flavour basis, with a fixed
relative phase between these columns of ∓pi/3. In this paper we have performed the
first global fit of the LS model to low-energy neutrino data and leptogenesis, taking into
account RG corrections. We have shown that the four high-energy LS parameters in
the flavour basis, namely two real Yukawa couplings a, b plus the two right-handed neu-
trino masses, can be determined by an excellent fit to the seven currently constrained
observables of low-energy neutrino data and leptogenesis.
For Case A in Eq. 11, corresponding to Yukawa columns a(0, 1, 1) and b(1, 3, 1), we fit
the respective right-handed neutrino masses to be Matm ≈ 5 × 1010 GeV and Msol ≈
0.5− 3× 1014 GeV, depending on the GUT scale. For Case D in Eq. 12, corresponding
to Yukawa columns b(1, 1, 3) and a(0, 1, 1), we fit the respective right-handed neutrino
masses to be Msol ≈ 1 × 1010 GeV and Matm ≈ 1.6 − 14 × 1012 GeV, depending on
the GUT scale. We estimate χ2 ' 1.5 − 1.75 for the three d.o.f. for Case A, and
χ2 ' 2.1 − 2.6 for the three d.o.f. for Case D, depending on the GUT scale. Both are
excellent fits, regardless of the assumed unification scale. We extract allowed ranges of
neutrino parameters from our fit data, including θ23 = 45.3
o − 46.0o and δ = −87o ± 2o
for Case A and θ23 = 44.0
o − 44.5o and δ = −93o ± 2o for Case D. Both cases predict
normal mass ordering with m1 = 0. These results will enable LS models to be tested in
future neutrino experiments.
In conclusion, the Littlest Seesaw continues to be a relevant, highly consistent model
that provides an outstanding fit to data. It is predictive, with just four high-energy
parameters resulting in seven observables apparent at low scales. Taking into account
RG corrections, this enables both the high-energy RHN masses and the Yukawa coupling
constants a, b to be fixed by low-energy neutrino data and leptogenesis, for the first time
in any seesaw model. In turn, the resulting fit gives restricted ranges of low-energy
observables, where these predictions will be confronted by future neutrino experiments.
Within this framework, future neutrino experiments will allow a window into the GUT
scale parameters of the most minimal seesaw model, providing insight into physics at the
highest scales.
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